A new derivation of Hermite's integral for the Hurwitz zeta function by Connon, Donal F
A new derivation of Hermite’s integral for the Hurwitz zeta function  
 
Donal F. Connon  
 
dconnon@btopenworld.com 
 
11 August 2009 
 
 
Abstract 
 
We obtain another proof of Hermite’s integral for the Hurwitz zeta function ( , )s uς .  
 
Proof 
 
Chen [5] has recently reported that for > 0 and s > 0  u
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and multiplying this across by 2
1
1xe π −  and integrating with respect to x  results in 
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Reversing the order of integration we note that 
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and using Legendre’s relation [7, p.122]  
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(a rigorous derivation of this result is shown in Bromwich’s book [4, p.501]), we obtain 
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With the substitution  this becomes 2v y=
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We now recall the well-known formula for the Hurwitz zeta function which is reported in 
[6, p.92] as being valid for Re > ( )s 1−  
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and we thereby obtain Hermite’s integral [1, p.55] 
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Chen [5] has stated that (1) is valid for > 0 and we now consider the limit as . We 
easily see that  
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and hence we have 
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Therefore we deduce that 
 
                     
2 2
1
0
sin( )2 ta
uye xy dy x u
y
∞ −
−=∫ n ( / )  
 
or equivalently we obtain the well-known integral 
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Rigorous derivations of (5) are contained in [2, p.285] and [3, p.272]. 
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